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Chapter 1

Preliminaries

These notes have been written for Econ 401 as taught by me at the University
of Waterloo. As such the list of topics reflects the course material for that
particular course. It is assumed that the student has mastered the pre-
requisites and little or no time is spent on them, aside from a review of
standard consumer economics and general equilibrium in chapter 1. I assume
that the student has access to a standard undergraduate micro theory text
book. Any of the books commonly used will do and will give introductions
to the topics covered here, as well as allowing for a review, if necessary, of
the material from the pre-requisites.

These notes will not give references. The material covered is by now
fairly standard and can be found in one form or another in most micro texts.
I wish to acknowledge two books, however, which have served as references:
the most excellent book by Mas-Colell, Whinston, and Green, Microeconomic
Theory, as well as the much more concise Jehle and Reny, Advanced Micro-
economic Theory. 1 also would like to acknowledge my teachers Don Ferguson
and Glen MacDonald, who have done much to bring microeconomics alive
for me.

This preliminary chapter contains extensive quotes which I have found
informative, amusing, interesting, and thought provoking. Their sources have
been indicated.
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1.1 About Economists

By now you may have heard many jokes about economists and noticed that
modern economics has a bad reputation in some circles. If you mention your
field of study in the bar, you are quite possibly forced to defend yourself
against various stereotypical charges (focusing on assumptions, mostly.) The
most eloquent quotes about economists that I know of are the following two
quotes reproduced from the Economist, Sept.4, 1993, p.25:

No real Englishman, in his secret soul, was ever sorry for the death
of a political economist, he is much more likely to be sorry for his
life. You might as well cry at the death of a cormorant. Indeed
how he can die is very odd. You would think a man who could
digest all that arid matter; who really preferred ‘sawdust without
butter’; who liked the tough subsistence of rigid formulae, might
defy by intensity of internal constitution all stomachic or lesser
diseases. However they do die, and people say that the dryness
of the Sahara is caused by a deposit of similar bones.

(Walter Bagehot (1855))

Are economists human? By overwhelming majority vote, the
answer would undoubtedly be No. This is a matter of sorrow for
them, for there is no body of men whose professional labours are
more conscientiously, or consciously, directed to promoting the
wealth and welfare of mankind. That they tend to be regarded
as blue-nosed kill-joys must be the result of a great misunder-
standing.  (Geoffrey Crowther (1952))

1.2 What is (Micro—)Economics?

In Introductory Economics the question of what economics is has received
some attention. Since then, however, this question may have received no
further coverage, and so I thought to collect here some material which I to
use to start a course. It is meant to provide a background for the field as
well as a defense, of sorts, of the way in which micro economics is practiced.

Malinvaud sees economics as follows:
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Here we propose the alternative, more explicit definition: eco-
nomics is the science which studies how scarce resources are em-
ployed for the satisfaction of the needs of men living in society:
on the one hand, it is interested in the essential operations of
production, distribution and consumption of goods, and on the
other hand, in the institutions and activities whose object it is to
facilitate these operations. |...]

The main object of the theory in which we are interested is the
analysis of the simultaneous determination of prices and the quan-
tities produced, exchanged and consumed. It is called microeco-
nomics because, in its abstract formulations, it respects the in-
dividuality of each good and each agent. This seems a necessary
condition a priori for logical investigation of the phenomena in
question. By contrast, the rest of economic theory is in most
cases macroeconomic, reasoning directly on the basis of aggre-
gates of goods and agents.

[E. Malinvaud, Lectures on Microeconomic Theory, revised, N-H,
1985, p.1-2.]

This gives us a nice description of what economics is, and in particular
what micro theory entails. In following the agenda laid out by Malinvaud a
certain amount of theoretical abstraction and rigor have been found neces-
sary, and one key critique heard often is the “attempt at overblown rigor”
and the “unrealistic assumptions” which micro theory employs. Takayama
and Hildenbrand both address these criticisms in the opening pages of their
respective books. First Takayama:

The essential feature of modern economic theory is that it is an-
alytical and mathematical. Mathematics is a language that facil-
itates the honest presentation of a theory by making the assump-
tions explicit and by making each step of the logical deduction
clear. Thus it provides a basis for further developments and ex-
tensions. Moreover, it provides the possibility for more accurate
empirical testing. Not only are some assumptions hidden and ob-
scured in the theories of the verbal and “curve-bending” economic
schools, but their approaches provide no scope for accurate em-
pirical testing, simply because such testing requires explicit and
mathematical representations of the propositions of the theories
to be tested.

[...] But yet, economics is a complex subject and involves many
things that cannot be expressed readily in terms of mathematics.
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Commenting on Max Planck’s decision not to study economics,
J.M. Keynes remarked that economics involves the “amalgam of
logic and intuition and wide knowledge of facts, most of which
are not precise.” In other words, economics is a combination
of poetry and hard-boiled analysis accompanied by institutional
facts. This does not imply, contrary to what many poets and
institutionalists feel, that hard-boiled analysis is useless. Rather,
it is the best way to express oneself honestly without being buried
in the millions of institutional facts. |[...]

Mathematical economics is a field that is concerned with com-
plete and hard-boiled analysis. The essence here is the method of
analysis and not the resulting collection of theorems, for actual
economies are far too complex to allow the ready application of
these theorems. J.M. Keynes once remarked that “the theory of
economics does not furnish a body of settled conclusions immedi-
ately applicable to policy. It is a method rather than a doctrine,
an apparatus of the mind, a technique of thinking, which helps
its possessor to draw conclusions.”

An immediate corollary of this is that the theorems are useless
without explicit recognition of the assumptions and complete un-
derstanding of the logic involved. It is important to get an intu-
itive understanding of the theorems (by means of diagrams and
so on, if necessary), but this understanding is useless without a
thorough knowledge of the assumptions and proofs.

[Akira Takayama, Mathematical Economics, 2nd ed., Cambridge,
1985, p. xv.]

Hildenbrand offers the following:

I cannot refrain from repeating here the quotation from Bertrand
Russell cited by F. Hahn in his inaugural lecture in Cambridge:
“Many people have a passionate hatred of abstraction, chiefly, I
think, because of its intellectual difficulty; but as they do not wish
to give this reason they invent all sorts of other that sound grand.
They say that all abstraction is falsification, and that as soon as
you have left out any aspect of something actual you have exposed
yourself to the risk of fallacy in arguing from its remaining aspects
alone. Those who argue that way are in fact concerned with
matters quite other than those that concern science.” (footnote
2, p.2, with reference)
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Let me briefly recall the main characteristics of an axiomatic the-
ory of a certain economic phenomenon as formulated by Debreu:

First, the primitive concepts of the economic analysis are selected,
and then, each one of these primitive concepts is represented by
a mathematical object.

Second, assumptions on the mathematical representations of the
primitive concepts are made explicit and are fully specified. Math-
ematical analysis then establishes the consequences of these as-
sumptions in the form of theorems.

[Werner Hildenbrand, Twenty Papers of Gerard Debreu, Econo-
metric Society Monograph 4, Cambridge, 1983, page 4, quoted
with omissions.]

1.3 Economics and Sex

I close this chapter with the following thought provoking excerpt from Mark
Perlman and Charles R. McCann, Jr., “Varieties of uncertainty,” in Uncer-
tainty in Economic Thought, ed. Christian Schmidt, Edward Elgar 1996, p
9-10.

The problem as perceived

As this is an opening paper, let us begin with what was once an estab-
lished cultural necessity, namely a reference to our religious heritage. What
we have in mind is the Biblical story of the Fall of Man, the details of which
we shall not bore you with. Rather, we open consideration of this difficult
question by asking what was the point of that Book of Genesis story about
the inadequacy of Man.

We are told that apparently whatever were God’s expectations, He be-
came disappointed with Man. Mankind and particularly Womankind® did
not live up to His expectations.? In any case, Adam and Eve were informed

IMuch has been made of the failure of women, perhaps that is because men wrote up
the history. We should add, in order to avoid deleterious political correctness (and thereby
cut off provocation and discussion), that since Eve was the proximate cause of the Fall,
and Eve represents sexual attraction or desire, some (particularly St Paul, whose opinion
of womankind was problematic) have considered that sexual attraction was in some way
even more responsible for the Fall than anything else. Put crudely, even if economics
is not a sexy subject, its origins were sexual.

2What that says about His omniscience and/or omnipotence is, at the very least, para-
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that they had ‘fallen’ from Grace, and all of us have been made to suffer ever
since.

From our analytical standpoint there are two crucial questions:
1. What was the sin; and
2. What was the punishment?

The sin seems to have been something combining (1) an inability to fol-
low precise directions; (2) a willingness to be tempted, particularly when one
could assert that ‘one was only doing what everyone else (sic) was doing;?
(3) a greed involving things (something forbidden) and time (instant grat-
ification); (4) an inability to leave well enough alone; and (5) an excessive
Faustian curiosity. Naturally, as academic intellectuals, we fancy the fifth
reason as best.

But what interests us directly is the second question. It is “‘What was
God’s punishment for Adam and Eve’s vicarious sin, for which all mankind
suffers?” Purportedly a distinction has been made between what happened to
Man and Woman, but, the one clear answer, particularly as seen by Aquinas
and by most economists ever since, was that man is condemned to live with
the paradigm of scarcity of goods and services and with a schedule of ap-
petites and incentives which are, at best, confusing.

In the more modern terms of William Stanly Jevons, ours is a world
of considerable pain and a few costly pleasures. We are driven to produce
so that we can consume, and production is done mostly by the ‘sweat of
the brow’” and the strength of the back. The study of economics — of the
production, distribution and even the consumption of goods and services —
it follows, is the result of the Original Sin. When Carlyle called Economics
the ‘Dismal Science’, he was, if anything, writing in euphemisms; Economics
per se, is the Punishment for Sin.

doxical.

3Cf. Genesis, 3:9-12,16,17. [9] But the Lord God called to the man and said to him,
Where are you?’ [10] He replied, ‘T heard the sound as you were walking the garden , and
I was afraid because I was naked, and I hid myself.” [11] God answered, * Who told you
that you were naked? Have you eaten from the tree which I forbade you?’ [12] The man
said, ‘The woman you gave me for a companion, she gave me fruit from the tree and I ate.’
[Note: The story, as recalled, suggests that Adam was dependent upon Eve (for what?),
and the price of that dependency was to be agreeable to Eve (‘It was really all her fault
— I only did what You [God] had laid out for me.”)] ([16] and [17] omitted) [Again, for
those civil libertarians amongst us, kindly note that God forced Adam to testify against
himself. Who says that the Bill of Rights is an inherent aspect of divine justice? Far from
it, in the Last Judgment, pleading the Fifth won’t do at all.]
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But, it is another line of analysis, perhaps novel, which we put to you.
Scarcity, as the paradigm, may not have been the greatest punishment, be-
cause scarcity, as such, can usually be overcome. Scarcity simply means that
one has to allocate between one’s preferences, and the thinking man ought
to be able to handle the situation. We use our reasoning power, surely tied
up with Free Will, to allocate priorities and thereby overcome the greater
disasters of scarcity. What was the greater punishment, indeed the greatest
punishment, is more basic. Insofar as we are aware, it was identified early
on by another Aristotelian, one writing shortly before Aquinas, Moses Mai-
monides. Maimonides suggested that God’s real punishment was to push
man admittedly beyond the limits of his reasoning power. Maimonides held
that prior to the Fall, Adam and Eve (and presumably mankind, generally)
knew everything concerning them; after the Fall they only had opinions.*
Requisite to the wise use of power is understanding and full specification;
what was lost was any such claim previously held by man to complete knowl-
edge and the full comprehension of his surroundings. In other words, what
truly underlies the misery of scarcity is neither hunger nor thirst, but the
lack of knowledge of what one’s preference schedule will do to one’s happi-
ness. For if one had complete knowledge (including foreknowledge) one could
compensate accordingly.

If one pursues Maimonides’ line of inquiry, it seems that uncertainty
(which is based not on ignorance of what can be known with study of data
collection, but also on ignorance tied to the unknowable) is the real punish-
ment.

4[omitted]
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Notation:
Blackboard versions of these symbols may differ slightly.

I will not distinguish between vectors and scalars by notation. Generally all
small variables (z,y, p) are column vectors (even if written in the notes as row
vectors to save space.) The context should clarify the usage. Capital letters
most often denote sets, as in the consumption set X, or budget set B. Sets
of sets are denoted by capital script letters, such as X = {X;, Xo,..., Xk},

where X; = {z € R | />, 22 =i}

I will use the usual partial derivative notation df/0x; = fi(+), if no
confusion arises, and will often omit the arguments to a function but in-
dicate that there is a function by the previous notation, i.e., f(-) denotes

f(z1,x9,...,2,), for example. Finally, the Reals $& will be written as IR on
the board, in the more familiar fashion.

R the real numbers, superscript denotes dimensionality

R,  the non-negative reals (include 0); (R, are the positive Reals)

4 “for all”, for all elements in the set

= “there exists” or “there is at least one element”

13

not”, or negation, the following statement is not true

dot product, asin z -y =27y =3 zy;

€ “in”, or “element of”

> “such that”. Note: Vo € X 3 A is equivalent to {x € X | A}.

< less or equal to, component wise: x, <y, foralln=1,..., N.

& strictly less than, component wise: Vn € N : z,, < y,

> greater or equal (component wise)

> strictly greater (component wise)

- strictly preferred to

- weakly preferred to

~ indifferent to

0 partial, as in partial derivatives

\Y% gradient, the vector of partial derivatives of a function of a vector.

V(@) =[fi(-), fa(-), - .. 7fn(')]T

D,  derivative operator, the vector (matrix) of partial derivatives of a

vector of functions:

Ox1(-) Oxa(- drn()]"
Do (p,w) = aifj)’ ajﬁ)""’ alqvu()

<= ‘“if and only if”, often written “iff”




Chapter 2

Review

Consumer theory is concerned with modelling the choices of consumers and
predicting the behaviour of consumers in response to changes in their choice
environment (comparative statics.) This raises the question of how one can
model choice formally, or more precisely, how one can model decision making.
An extensive analysis of this topic would lead us way off course, but the two
possible approaches are both outlined in the next section. After that, we will
return to the standard way in which consumer decision making in particular
is addressed.

2.1 Modelling Choice Behaviour *

Any model of choice behaviour at a minimum contains two elements: (1) a de-
scription of the available choices/decisions. (2) a description of how/why de-
cisions are made. The first part of this is relatively easy. We specify some set
B which is the set of (mutually exclusive) alternatives. For a consumer this
will usually be the budget set, i.e., the set of amounts of commodities which
can be purchased at current prices and income levels. In principle this set can
be anything, however. A simple description of this set will be advantageous,
and thus we most often will have B = {z € R} |p-x < m}, the familiar budget
set for a price taking consumer. Note that much of economics is concerned
with how choice changes as B changes. This is the standard question of com-
parative statics, where we ask how choice adjusts as income, m or one of the
prices, p;, i € {1,...,n}, changes. It does require, however, some additional

!This material is based on Mas-Colell, Whinston, Green, chapter 1
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structure as to what kind of B are possible. So we get a set of sets, B, which
contains all sets B we could consider. For example, for our neo-classical con-
sumer this is B = {{z e R7|p-z <m},p€ S, m e R,m > 0}. We also
need a description of the things which are assembled into these budget sets.
In consumer theory this would be a consumption bundle, that is, a vector x
indicating the quantities of all the goods. We normally let X be the set of
technically feasible choices, or consumption set. This set does not take into
account what is an economically feasible choice, but only what is in principle
possible (for example, it would contain 253 Lear Jets even if those are not
affordable to the consumer in question, but it will not allow the consumer to
create time from income, say, since that would be physically impossible.)

For the second element, the description of choice itself, there are two
fundamental approaches we can take: (1) we can specify the choice for each
and every choice set, that is, we can specify choice rules directly. For our
application to the consumer this basically says that we specify the demand
functions of the consumer as the primitive notion in our theory.

Alternatively, (2), we can specify some more primitive notion of “pref-
erences” and derive the choice for each choice set from those. Under this
approach a ranking of choices in X is specified, and then choice for a given
choice set B is determined by the rule that the highest ranked bundle in the
set is taken.

In either case we will need to specify what we mean by “rational”. This
is necessary since in the absence of such a restriction we would be able to
specify quite arbitrary choices. While that would allow our theory to match
any data, it also means that no refutable propositions can be derived, and
thus the theory would be useless. Rationality restrictions can basically be
viewed as consistency requirements: It should not be possible to get the
consumer to engage in behaviour that contradicts previous behaviour. More
precisely, if the consumer’s behaviour reveals to us that he seems to like some
alternative a better than another, b, by virtue of the consumer selecting
a when both are available, this conclusion should not be contradicted in
other observations. The way we introduce this restriction into the model will
depend on the specific approach taken.

2.1.1 Choice Rules

Since we will not, in the end, use this approach, I will give an abstract
description without explicit application to the consumer problem. We are
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to specify as the primitive of our theory the actual choice for each possible
set of choices. This is done by means of a choice structure. A choice
structure contains a set of nonempty subsets of X, denoted by B. For the
consumer this would be the collection of all possible budget sets which he
might encounter. For each actual budget set B € B, we then specify a
choice rule (or correspondence). It assigns a set of chosen elements, denoted
C(B) C B. In other words, for each budget set B we have a “demand
function” C(B) specified directly.

The notion of rationality we impose on this is as follows:

Definition 1 A choice structure satisfies the weak axiom of revealed
preference if it satisfies the following restriction: If ever the alternatives x
and y are available and x is chosen, then it can never be the case that y is
chosen and x is not chosen, if both x and y are available. More concisely: If
dBeBsx,yec B=xecC(B) thenVB' € B>z,y€ B and y € C(B') =
r e C(B).

For example, suppose that X = {a,b,c¢,d}, and that B = { {a,b},
{a,b,c}, {b,c,d} }. Also suppose that C({a,b}) = {a}. While the above
criterion is silent on the relation of this choice to C'({b, c,d}) = {b}, it does
rule out the choice C'({a,b,c}) = {b}. Why? In the first case, a is not an
element of both {a,b} and {b,c,d}, so the definition is satisfied vacuously.
(Remember, any statement about the empty set is true.) In the second case,
the fact that C'({a,b}) = {a} has revealed a preference of the consumer for
a over b, after all both where available but only a was picked. A rational
consumer should preserve this ranking in other situations. So if the choice is
over {a,b, c}, then b cannot be picked, only a or ¢, should ¢ be even better
than a.?

You can see how we are naturally lead to think of one choice being
better than, or worse than, another even when discussing this abstract notion
of direct specification of choice rules. The second approach to modelling
decision making, which is by far the most common, does this explicitly.

2.1.2 Preferences

In this approach we specify a more primitive notion, that of the consumer
being able to rank any two bundles. We call such a ranking a preference

2Just let = be a and y be b in the above definition!
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relation which is usually denoted by the symbol >. So, define a binary
relation > on X, with the interpretation that for any x,y € X, the statement
x = y means that “x is at least as good as y”.

From this notion of weak preference we can easily define the notions
of strict preference (z > y < (¢ > yand =(y > z))), and indifference
(r~y<s (r=yand y = x)).

How is rationality imposed on preferences?

Definition 2 A preference relation = is rational if it is a complete, reflexive,
and transitive binary relation.

complete: Vx,y € X, either x =y ory = x, or both;

reflexive: Ve € X, x = x;

transitive Vr,y,z € X, x> yand y > z = x = 2.

At this point we might want to consider how restrictive this requirement
of rational preferences is. Completeness simply says that any two feasible
choices can be ranked. This could be a problem, since what is required is the
ability to rank things which are very far from actual experience. For example,
the consumer is assumed to be able to rank two consumption bundles which
differ only in the fact that in the first he is to consume 2 Ducati 996R, 1
Boeing 737, 64 cans of Beluga caviar, and 2 bottles of Dom Perignon, while
the other contains 1 Ducati 996R, 1 Aprilia Mille RS, 1 Airbus 320, 57 cans
of Beluga caviar, and 2 bottles of Veuve Cliquot. For most consumers these
bundles may be difficult to rank, since they may be unsure about the relative
qualities of the items. On the other hand, these bundles are very far from
the budget set of these consumers. For bundles close to being affordable, it
may be much more reasonable to assume that any two can be ranked against
each other.

Transitivity could also be a problem. It is crucial to economics since
it rules out cycles of preference. This, among other important implications,
rules out “dutch books” — a sequence of trades in which the consumer pays
at each step in order to change his consumption bundle, only to return to
the initial bundle at the end. Yet, it can be shown that it is possible to have
real life consumers violate this assumption. One problem is that of “just
perceptible differences”. If the changes in the consumption bundle are small
enough, the consumer can be led through a sequence of bundles in which
he prefers any earlier bundle to a later bundle, but which closes up on the
first, so that the last bundle in the sequence is preferred to the first, even
though it was worse than all preceding bundles, including the first. The
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other common way in which transitivity is violated is through the effects
of the “framing problem”. The framing problem refers to the fact that a
consumer’s stated preference may depend on the way the question is asked.
A famous example of this are surveys about vaccinations. If the benefits are
stressed (so many fewer crippled and dead) respondents are in favour, while
they are against vaccination programs if the costs are stressed (so many
deaths which would not have occurred otherwise.) It is worthwhile to note
that what looks like intransitivity can quite often be explained as the outcome
of transitive behaviour on more primitive characteristics of the problem. Also
note that addiction and habit formation commonly lead to what appears to
be intransitivity, but really involves a change in the underlying preferences,
or (more commonly) preferences which depend on past consumption bundles
as well. In any case, a thorough discussion of this topic is way beyond these
notes, and we will assume rational preferences henceforth.

While beautiful in it simplicity, this notion of preferences on sets of
choices is also cumbersome to work with for most (but note the beautiful
manuscript by Debreu, Theory of value). In particular, it would be nice if
we could use the abundance of calculus tools which have been invented to
deal with optimization problems. Thus the notion of a utility function is
useful.

Definition 3 A function u : X — R is a utility function representing the
preference relation = if Ve,y € X, (z = y) < (u(z) > u(y)).

We will return to utility functions in more detail in the next section.

Choice now is modeled by specifying that the consumer will choose the
highest ranked available bundle, or alternatively, that the consumer will max-
imize his utility function over the set of available alternatives, choosing the
one which leads to the highest value of the utility function (for details, see
the next section.)

2.1.3 What gives?

If there are two ways to model choice behaviour, which is “better”? How do
they compare? Are the two approaches equivalent? Why do economists not
just write down demand functions, if that is a valid method?

To answer these questions we need to investigate the relationship be-
tween the two approaches. What is really important for us are the following
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two questions: If I have a rational preference relation, will it generate a choice
structure which satisfies the weak axiom? (The answer will be Yes.) If T have
a choice structure that satisfies the weak axiom, does there exist a rational
preference relation which is consistent with these choices? (The answer will

be Maybe.)

The following statements can be made:

Theorem 1 Suppose > is rational. Then the choice structure (B,C(-)) =
(B,{x € B|lx = y Yy € B}) satisfies the weak axiom.

In other words, rational preferences always lead to a choice structure
which is consistent with the weak axiom (and hence satisfies the notion of
rationality for choice structures.)

Can this be reversed? Note first that we only need to deal with B € B,
not all possible subsets of X. Therefore in general more than one > might do
the trick, since there could be quite a few combinations of elements for which
no choice is specified by the choice structure, and hence, for which we are free
to pick rankings. Clearly,® without the weak axiom there is no hope, since
the weak axiom has the flavour of “no contradictions” which transitivity also
imposes for >=. However, the following example shows that the weak axiom
is not enough: X = {a,b,c}, B = { {a,b},{b,c},{c,a} }, C({a,b}) = {a},
C({b,c}) = {b}, C({c,a}) = {c}. This satisfies the weak axiom (vacuously)
but implies that a is better than b, b is better than ¢, and c is better than
a, which violates transitivity. Basically what goes wrong here is that the set
B is not rich enough to restrict C(-) much. However, if it were, there would
not be a problem as the following theorem asserts:

Theorem 2 [f (B,C(-)) is a choice structure such that (i) the weak aziom
is satisfied, and (i) B includes all 2 and 3 element subsets of X, then there
exists a rational preference ordering = such that VB € B, C(B) = {x €
Blz = yVy € B}).

While this is encouraging, it is of little use to economists. The basic
problem is that we rarely if ever have collections of budget sets which satisfy
this restriction. Indeed, the typical set of consumer budget sets consists of

3Words such as “clearly”, “therefore”, “thus”, etc. are a signal to the reader that
the argument should be thought about and is expected to be known, or at least easily
derivable.
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nested hyper planes. One way around this problem are the slightly stronger
axioms required by Revealed Preference Theory (see Varian’s Advanced Mi-
croeconomic Theory for details.)

Hence, the standard approach to consumer theory employs preferences
as the fundamental concept. The next section will review this approach.

2.2 Consumer Theory

Consumers are faced with a consumption set X C R’ which is the set
of all (non-negative) vectors® z = (xy, s, ...,x,) where each coordinate x;
indicates the amount desired/consumed of commodity 7.> All commodities
are assumed infinitely divisible for simplicity. Often we will have only two
commodities to allow simple graphing. A key concept to remember is that a
“commodity” is a completely specified good. That means that not only is it
a ‘car’, but its precise type, colour, and quality are specified. Furthermore,
it is specified when and where this car is consumable, and the circumstances
under which it can be consumed. In previous courses these latter dimensions
have been suppressed and the focus was on current consumption without
uncertainty, but in this course we will focus especially on these latter two.
So we will have, for example, today’s consumption versus tomorrow’s, or
consumption if there is an accident versus consumption if there is no accident
(i.e., consumption contingent on the state of the world.) The consumption set
incorporates all physical constraints (no negative consumption, no running
time backwards, etc) as well as all institutional constraints. It does not
include the economic constraints the consumer faces.

The economic constraints come chiefly in two forms. One is an assump-
tion about what influence, if any, the consumer may have on the prices which
are charged in the market. The usual assumption is that of price taking,
which is to say that the consumer does not have any influence on price, or
more precisely, acts under the assumption of not having any influence on
price. (Note that there is a slight difference between those two statements!)
This assumption can be relaxed, of course, but then we have to specify how
price reacts to the consumer’s demands, or at least how the consumer thinks

4While I write all vectors as row vectors in order to save space and notation, they
are really column vectors. Hence I should really write x = (21,2, ...,2,)" where the T
operator indicates a transpose.

5Given the equilibrium concept of market clearing a consumer’s desired consumption
will coincide, in equilibrium, with his actual consumption. The difference between the two
concepts, while crucial, is therefore seldom made.



16 L-A. Busch, Microeconomics May2004

that they will react. We will deal with a simple version of that later under
the heading of bilateral monopoly, where there are only two consumers who
have to bargain over the price. In all but the most trivial settings, situations
in which the prices vary with the consumer’s actions and the consumer is
cognizant of this fact will be modelled using game theory.

More crucially, consumers cannot spend more money than what they
have. In other words, their consumption choices are limited to economi-
cally feasible vectors. The set of economically feasible consumption vec-
tors for a given consumer is termed the consumer’s budget set: B =
{r e X |p-x<m}. Here pis a vector of n prices, and m is a scalar de-
noting the consumer’s monetary wealth. Recall that p - x denotes a ‘dot
product’, so that p -2 = >."  p;xr;. The left hand side of the inequality
therefore gives total expenditure (cost) of the consumption bundle. To add
to the potential confusion, we normally do not actually have money in the
economy at all. Instead the consumer usually has an endowment — an ini-
tial bundle of goods. The budget constraint then requires that the value of
the final consumption bundle does not exceed the value of this endowment,
in other words B = {x € X |p-2 <p-w}. Here w € X is the endowment.
You can treat this as a two stage process during which prices stay constant:
First, sell all initially held goods at market prices: this generates income of
p-w = m. Then buy the set of final goods under the usual budget constraint.
Note however that for comparative static purposes only true market trans-
actions are important, as evidenced by the change in the Slutsky equation
when moving to the endowment model (p.46, for example.)

The behavioural assumption in consumer theory is that consumers
maximize utility. What we really mean by that is that consumers have
the ability to rank all consumption bundles € X according to what is
termed the consumer’s preferences, and will choose that bundle which is the
highest ranked (most preferred) among all the available options. We denote
preferences by the symbol >, which is a binary relation. That simply means
that it can be used to compare two vectors (not one, not three or more.)
The expression x = y is read as “consumption bundle x is at least as good
as bundle y”, or “x is weakly preferred to y”.

These preferences are assumed to be:

(i) complete (Vz,y € X : either x > y or y > = or both);

(ii) reflexive (Vz € X : z > x);

(iii) transitive (Vz,y,z € X : (z = y,y = 2) = x = 2);

(iv) continuous ({z | z > y} and {z | y = x} are closed sets.)

What this allows us to do is to represent the preferences by a function
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U : §Rﬂ\r/ — R, called a utility function, which has the property that
u(z) > u(y) <=z =y,

i.e., that the value of the function evaluated at x is larger than that at y
if and only if x is strictly preferred to y. If preferences are also strongly
monotonic ((x > y,x # y) = x > y) then the function u(-) can also be
chosen to be continuous. With some further assumptions it will furthermore
be continuously differentiable, and that is what we normally assume.

Note that the utility function u(-) representing some preferences > is not
unique! Indeed, any other function which is a monotonic increasing trans-
formation of u(-), say h(u(-)), h'(-) > 0, will represent the same preferences.

So, for example, the following functions all represent the same preferences
on R?:

_ «
a:?xg, alnzy + Blnxy; x‘fxél 9 _ 108, a = ——;a,6 > 1.
o

+ B

In terms of the diagram of the utility function this means that the function
has to be increasing, but that the rate of increase, and changes in the rate
of increase, are meaningless. Put differently, the “spacing” of indifference
curves, or more precisely, the labels of indifference curves, are arbitrary, as
long as they are increasing in the direction of higher quantities. Furthermore,
any two functions that have indifference curves of the same shape represent
the same preferences. This is in marked contrast to what we will have to
do later. Once we discuss uncertainty, the curvature (rate of change in the
rate of increase) of the function starts to matter, and we therefore will then
be restricted to using positive affine transforms only (things of the form
a+bu(-); b>0).

Finally a few terms which will arise frequently enough to warrant defi-
nition here:

Definition 4 The preferences = are said to be monotone if
Vee Xx>>y <<= z>u.

Definition 5 The preferences = are said to be strongly monotone if
Vee Xr>y <= z»-uy.

Note in particular that Leontief preferences (‘L’-shaped indifference curves)
are monotone but not strictly monotone.
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Definition 6 The preferences = are said to be convex if
Vo € X the set {y € X|y = z} is convexr.

In other words, the set of bundles weakly preferred to a given bundle is
convex. Applied to the utility function u(-) representing > this means that
the upper contour sets of the utility function are convex sets, which, if you
recall, is the definition of a quasi-concave function.

Definition 7 A function u : R — R is quasi-concave if its upper contour
sets are convex. Alternatively, u is quasi-concave if

u(Ax + (1 — N)y) > min{u(z),u(y)}, VA € [0,1].

Note also that the lower boundary of an upper contour set is what we refer to
as an indifference curve. (Which exists due to our assumption of continuity
of >, which is why we had to make that particular assumption.)

Special Utility Functions

By and large utility functions and preferences can take many forms. However,
of particular importance in modelling applications and in many theories are
those which allow the derivation of the complete indifference map from just
one indifference curve. Two kinds of preferences for which this is true exist,
homothetic preferences and quasi-linear preferences.

Definition 8 Preferences = are said to be homothetic if
Ve,ye X,a € Ryy, x ~y <= ax ~ ay.

In other words, for any two bundles x and y which are indifferent to one
another, we may scale them by the same factor, and the resulting bundles
will also be indifferent. This is particularly clear in ®%. A bundle z can be
viewed as a vector with its foot at the origin and its head at the coordinates
(z1,x9). aw, a > 0 defines a ray through the origin through that point. Now
consider some indifference curve and 2 points on it. These points define two
rays from the origin, and homotheticity says that if we scale the distance from
the origin by the same factor on these two rays, we will intersect the same
indifference curve on both. Put differently, indifference curves are related to
one another by “radial blowup”. The utility function which goes along with
such preferences is also called homothetic:
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Definition 9 A utility function u : RY — R is said to be homothetic if u(-)
is a positive monotonic transformation of a function which is homogenous of
degree 1.

How does this assumption affect indifference curves? Recall that the key
about indifference curves is their slope, not the label attached to the level of
utility. The slope, or MRS (Marginal Rate of Substitution,) is u;(x)/us(x).
Now let u(x) be homothetic, that is u(x) = h(l(z)) where A'(-) > 0 and I(-)
is homogeneous of degree 1. Then we get

w(e) _ WE)h(@) _ L)
wa(w)  W(I(@)a(@) L)

by the chain rule. So what you ask? Recall that

Definition 10 A function h : R — R is homogeneous of degree k if VA > 0,
h(Az) = \eh(z).

Therefore (in two dimensions, for simplicity) [(x1,z2) = x1l(1,22/21) =
z1l(k), where k = x5 /x1. But then {y(z) = I(k)+I'(k)k, and ly(z) = I'(k), and
therefore the marginal rate of substitution of a homothetic utility function is
only a function of the ratio of the consumption amounts, not a function of
the absolute amounts. But the ratio z5/z; is constant along any ray from the
origin. Therefore, the MRS of a homothetic utility function is constant along
any ray from the origin! You can verify this property for the Cobb-Douglas
utility function, for example.

The other class of preferences for which knowledge of one indifference
curve is enough to know all of them is called quasi-linear.

Definition 11 The preference = defined on R X %f‘l 15 called quasi-linear
with respect to the numeraire good 1, if Vr,y € R x %f’l, a>0,r~y<—
r+ ey ~y+ae. Hereep = (1,0,0,...) is the base vector of the numeraire
dimension.

In terms of the diagram in 32, we require that indifference between 2 con-
sumption bundles is maintained if an equal amount of the numeraire com-
modity is added (or subtracted) from both: Indifference curves are related
to one another via translation along the numeraire axis!

Definition 12 A wutility function u : ® x RY 1 +— R is called quasi-linear if
it can be written as u(z) = x1 + u(x_q).
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For example the functions u(x) = z1 + /72 and u(z) = x; + Inzy are quasi-
linear with respect to commodity 1. Note that the MRS of a quasi-linear
function is independent of the numeraire commodity:

ur(z) 1

ug(z) W (z2)’

so that the indifference curves all have the same slope along a line parallel
to the numeraire axis (good 1 in this case.)

2.2.1 Utility Maximization

The problem addressed in consumer theory is to predict consumer behaviour
for a price taking consumer with rational preferences. The consumer’s be-
haviour is often summarized by the Marshallian demand functions, which
give us the desired consumption bundle of the consumer for all prices and in-
come. These demands correspond to the observable demands by consumers,
since they depend only on observable variables (prices and income.) This
is in contrast to the Hicksian demand functions, which we later derive from
the expenditure minimization problem. Marshallian, or ordinary, demand is
derived mathematically from a constrained optimization problem:

maxgex {u(x) st p-x <m}.

The easiest way to solve this is to realize that (i) normally all commodities
are goods, that is, consumer preferences are monotonic, wherefore we can
replace the inequality with an equality constraint;% (ii) that normally we have
assumed a differentiable utility function so that we can now use a Lagrangian:

maxzex L = u(x)+A(m—p-x)

(FOC;) Li = 8?5-“(@_)\1% = w()—pA =0 Vi=1...n

(FOC\) Ly = m—p-z=0

Of course, there are also second order conditions, but if we know that prefer-
ences are convex (the utility function is quasi-concave) and that the budget
is (weakly) concave, we won’t have to worry about them. If these conditions

6In fact, Local Non-satiation is enough to guarantee that the budget is exhausted.
Local Non-satiation assumes that for any bundle there exists a strictly preferred bundle
arbitrarily close by. This is weaker than monotonicity since no direction is assumed.
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are not obviously satisfied in a problem you will have to check the second
order conditions!

The above first order conditions are n + 1 equations which have to hold
as identities at the optimum values of the n 4+ 1 choice variables (the n
consumption levels of goods, and the multiplier A.) That means a variety of
things, most importantly that the implicit function theorem can be applied
if need be (and it is needed if we want to do comparative statics!)

Let us interpret the above first order conditions. The last equation
(FOC,) states that the optimum is on the budget constraint. Since they are
identities, any two of the other first order conditions can be combined in one
of the following ways:

ui(-):Api} _owl) _p ui(-) i)

= =
u;i(+) = Apj ui(*)  pj Di bj
These have the economic interpretation that the (negative of the) slope of
the indifference curve (the MRS) is equal to the ratio of prices. But since the
slope of the budget is the negative of the ratio of prices, this implies that a
tangency of an indifference curve to the budget must occur at the optimum.”

The second form tells us that the marginal utility gained from the last
dollar’s worth of consumption must be equalized across all goods at the
optimum, another useful thing to keep in mind. Also note that A* = w;(-)/p;,
so that the level of the multiplier gives us the “marginal utility of budget”.
This can also be seen by considering the fact that 0L/0m = A.

The marginal rate of substitution term depends on the amounts of the
goods consumed. In other words u;(-)/u;(-) is a function of z. Requiring that
this ratio take on some specific value thus implicitly defines a relationship
between the x;. This tangency condition thus translates into a locus of
consumption bundles where the slope of the indifference curve has the given
value. This locus is termed the Income Expansion path. This is due to the
fact that this locus would be traced out if we were to keep prices constant but
increased income, thus shifting the budget out (in a parallel fashion.) Since
the budget line provides another locus of consumption bundles, namely those
which are affordable at a given income level, solving for the demands then
boils down to solving for the intersection of these lines. Now note that the

If you ever get confused about which term “goes on top” remember the following
derivation: An indifference curve is defined by u(z,y) = w. Taking a total differential we
obtain ug(-)dz + u,(-)dy = 0, and hence dy/dz = —u,(-)/uy(-). The same works for the
budget. As a last resort you can verify that it is the term for the horizontal axis which is
“on top”.
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good 2

good 1

Figure 2.1: Consumer Optimum: The tangency condition

income expansion path for both homothetic and quasi-linear preferences is
linear. Hence solving for demands is particularly simple, since, in geometric
terms, we are looking for the intersection of a line and a (hyper-) plane.

In terms of a diagram, we have the usual picture of a set of indifference
curves superimposed on a budget set, given in Figure 2.1. The optimum
occurs on the highest indifference curve feasible for the budget, i.e., where
there is a tangency between the budget and an indifference curve.

Note a couple of things: For one, the usual characterization of “tangency
to budget” is only valid if we are not at a corner solution and can compute the
relevant slopes. If we are at a corner solution (and this might happen either
because our budget ‘stops’ before it reaches the axis or because our indiffer-
ence curves intersect an axis, as for quasi-linear preferences) then we really
need to consider “complementary slackness conditions”. Basically we will
have to consider all the non-negativity constraints which we have currently
omitted, and their multipliers. We will not bother with that, however. In
this course such cases will be fairly obvious and can be solved by inspection.
The key thing to remember, which follows from the condition on per dollar
marginal utilities, is that if we are at a corner then the indifference curve
must lie outside the budget. That means that on the horizontal axis the
indifference curve is steeper than the budget, on the vertical axis it is flatter.
Finally, if the indifference curve or the budget have a kink, then no tangency
exists in strict mathematical terms (since we do not have differentiability),
but we will often loosely refer to such a case as a “tangency” anyways.
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Figure 2.2: Corner Solutions: Lack of tangency
Properties

As mentioned, the above problem gives rise first of all to the (ordinary)
demand functions. These tell us the relationship of demand behaviour to the
parameters of the problem, namely the price vector and the income:

z(p,m) = argmax,cy { u(z) +AX(m—p-x) }.

The other result of solving the optimization problem is the indirect utility
function, which tells us the highest level of utility actually achieved:

v(p,m) = maxgex { u(x) + AX(m—p-z) }.

This is useless per seé, but the function is nevertheless useful for some appli-
cations (duality!)

What properties can we establish for these? Two important properties
of the (ordinary) demand functions are

Theorem 3 The (ordinary) demand x(p, m) derived from a continuous util-
ity function representing rational preferences which are monotonic satisfies:
homogeneous of degree zero: x(p,m) = x(ap,am), Vp,m;a > 0;
Walras’ Law: p-x(p,m)=m, Yp>>0, m>0.

Walras’ Law has two important implications known as Engel and Cournot
Aggregation. Both are derived by simple differentiation of Walras’ Law. En-
gel Aggregation refers to the fact that a change in consumer income must
all be spent. Cournot Aggregation refers to the fact that a change in a price
may not change total expenditure.

Definition 13 FEngel Aggregation:

> D agjfl') =1, or more compactly p - Dpyx(p,m) = 1.
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Definition 14 Cournot Aggregation:

Z?:l plag;i) —+ xk(p, TTI,) = O’Vk‘ = 17 o, n, 0P Dpx(p’ m) + x(p7 m)T — OT.

(Here 0T is a row vector of zeros.)

Sometimes it is more useful to write these in terms of elasticities (since that
is what much of econometrics estimates)®.

Define s;(p,m) = p;x;(p, m)/m, the expenditure share of commodity @
(note how for a Cobb-Douglas utility function this is constant!) Let €;,(-)
denote the elasticity of demand for good ¢ with respect to the variable a.
Then the above aggregation laws can be expressed as

n

Zsi(p7 m>€im(p7 m) =1 and Zsi(p7 m)eik(p7 m)z + Sk(p) m) =0.

=1

We will not bother here with the properties of the indirect utility func-
tion aside from providing Roy’s Identity:

St < [ 2200m)

—1
pm) =55 do(-) /om

p,m)[om
This is “just” an application of the envelope theorem, or can be derived
explicitly by using the first order conditions. The reason this is useful is
that it is mathematically much easier to differentiate, compared to solving
L + 1 nonlinear equations. Hence a problem can be presented by stating an
indirect utility function and then differentiating to get demands, a technique
often employed in trade theory.’

Finally, note that we have no statements about demand other than
the ones above. In particular, it is not necessarily true that (ordinary)
demand curves slope downwards (Oz(p, m)/0p; < 0.) Similarly, the income
derivatives can take any sign, and we call a good normal if dz(p, m)/0m > 0,
while we call it inferior if 0x(p, m)/0m < 0.

8Recall that often the logarithms of variables are regressed. A coefficient on the right
hand side thus represents g}gz = g—z%

9In graduate courses the properties of the indirect utility function get considerable
attention for this reason. It can be shown that any function having the the requisite

properties can be the indirect utility function for some consumer.
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2.2.2 Expenditure Minimization and the Slutsky equa-
tion

Another way to consider the consumer’s problem is to think of the least
expenditure needed to achieve a given level of utility. Basically, this reverses
the process from above. We now fix the indifference curve we want to achieve
and minimize the budget subject to that:

e(p,u) = mingex {p- 2+ A —u(z)) }.

The function which tells us the least expenditure for a given price vector and
utility level is called the expenditure function. The optimal choices for
this problem,

h(p,u) = argmin,cx { p-z+ M@ —u(z)) },

are the Hicksian demand functions. These are unobservable (since they
depend on the unobservable utility level) but extremely useful. The reason is
that the Hicksian demand for good i, h;(p,u), is (by the envelope theorem)
the first partial derivative of the expenditure function with respect to p;. It
follows that the first derivative of the Hicksian demand function with respect
to a price is the second partial derivative of the expenditure function. So
what, you ask? Consider the following:

Theorem 4 [fu(x) is continuous and represents monotonic, rational prefer-
ences and if p >> 0, then e(p,u) is homogeneous of degree 1 in prices;
continuous in u and p; concave in p; increasing in u and nonde-
creasing in p.

We will not prove these properties, but they are quite intuitive. For concavity
in p consider the following: Fix an indifference curve and 2 tangent budget
lines to it. A linear combination of prices at the same income is another
budget line which goes through the intersection point of the two original
budgets and has intermediate axis intercepts. Clearly, it cannot touch or
intersect the indifference curve, indicating that higher expenditure (income)
would be needed to reach that particular utility level.

So, since the expenditure function is concave in prices, this means that
the matrix of second partials, D,V ,e(p,u), is negative semi-definite. Also,
by Young’s Theorem, this matrix is symmetric. But it is equal to the matrix
of first partials of the Hicksian demands, which therefore is also symmetric
and negative semi-definite!
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Why is this useful information? It means that Hicksian demand curves
do not slope upwards, since negative semi-definiteness requires negative main
diagonal entries. This is a statement which we could not make about ordinary
demand curves. Also, the cross-price effects of any two goods are equal. This
certainly is unexpected, since it requires that the effect of a change in the
price of gasoline on bananas is the same as the effect of a change in the
price of bananas on gasoline. Finally, Hicksian demands are homogeneous of
degree zero in prices.

As mentioned, the Hicksian demand curves are unobservable. So why
should we be excited about having strong properties for them, if they can
never be tested? One key reason is the Slutsky equation, which links the
unobservable Hicksian demands to the observable ordinary demands. We
proceed as follows: The fact that we are talking about two ways to look at
the same optimal point means that

xi(p7 e(p, u)) = hi(p, u)7

where we recognize the fact that the income and expenditure level must
coincide in the two problems. Now taking a derivate of both sides we get

81‘2(1), 6(]?, U)) + axz(p7 €(p, U’)) ae(p7 U) _ 8h’b(p7 U)
Op; om Op; Op;

)

and using the envelope theorem on the definition of the expenditure function
as well as utilizing the original equality we simplify this to

ox;(p, e(p, u oz;(p, e(p, u Oh;(p,u
(p.e(p,w) | Oxi(p. e(p ))xj( )= ()
Ip; om Ip;
The right hand side of this is a typical element of the symmetric and negative
semi-definite matrix of price partials of the Hicksian demands. The equality

then implies that the matrix of corresponding left hand sides, termed the
Slutsky matrix, is also symmetric and negative semi-definite.

Reordering any such typical element we get the Slutsky equation:

&L’i(p,e(p, U)) — ahl<p7 U) _ 8$i(p76<p7 U))
op; Jp; om

zj(p, e(p, u)).

This tells us that for any good the total response to a change in price is
composed of a substitution effect and an income effect. Therefore ordinary
demands can slope upward if there is a large enough negative income effect
— which means that we need an inferior good.
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It bears repeating that homogeneous demands satisfying Walras’ Law
with a symmetric, negative semi-definite Slutsky matrix is all that our theory
can say about the consumer. Nothing more can be said unless one is willing
to assume particular functional forms.

2.3 General Equilibrium

What remains is to model the determination of equilibrium prices. This is
not really done in economics, however. Since in the standard model every
consumer (and every firm, in a production model) takes prices as given, there
is nobody to set prices. Instead a “Walrasian auctioneer” is imagined, who
somehow announces prices. The story (and it is nothing more) is that the
auctioneer announces prices, and checks if all markets clear at those prices.
If not, no trades occur but the prices are adjusted (in the way first suggested
in Econ 101: markets with excess demands experience a price increase, those
with excess supply a price decrease, the “tatonnement” process.) Of course,
all agents other than the auctioneer must be unaware of this process some-
how — otherwise they might start to mis-state demands and supplies in
order to affect prices. In any case, there really is no model of equilibrium
price determination. This does, of course, not stop us from defining what an
equilibrium price is! At its most cynical, equilibrium can be viewed simply as
a consistency condition which makes our model logically consistent. In par-
ticular, it must be true that, in equilibrium, no consumer finds it impossible
to trade the amounts desired at the announced market prices. That is, a key
requirement of any equilibrium price vector will be that all economic agents
can maximize their objective functions and carry out the resulting plans.
Since aggregate demands and supplies are the sum of individual demands
and supplies it follows that aggregate demand and supply must balance in
equilibrium — all markets must clear!

In what follows we will only review 2 special cases of general equilibrium,
the pure exchange economy, and the one consumer, one producer economy.

2.3.1 Pure Exchange

Consider an economy with two goods, ¢ = 1,2, and two consumers, [ = 1, 2.
Each consumer has an initial endowment w! = (w!,wl) of the two goods,
and preferences =; on 2 which can be represented by some utility function
uj(z) : RL — R. The total endowment of good i in the economy is the
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sum of the consumers’ endowments, so there are w; = wi + w? units of good
1, and w; = wl + w? units of good 2.
) 2 2

We can now define the following:

Definition 15 An allocation x = (x',2?) is an assignment of a nonnega-

tive consumption vector ' € R? to each consumer.
Definition 16 An allocation is feasible if >,  at =7 w! fori=1,2.

Note that feasibility implies that if consumer 1 consumes (z}, 1) in
some feasible allocation, then consumer 2 must consume (w; — ], ws — 3).
This fact allows us to represent the set of feasible allocations by a box in
2. Suppose we measure good 1 along the horizontal axis and good 2 along
the vertical axis. Then the feasible allocations lie anywhere in the rectangle
formed by the origin and the point (w;,ws). Furthermore, if we measure
consumer 1’s consumption from the usual origin (bottom left), then for any
consumption point & we can read off consumer 2’s consumption by measuring
from the right top ‘origin’ (the point w.)

Also note that a budget line for consumer 1, defined by p- 2 = p - w!
passes through both the endowment point and the allocation, and has a slope
of p1/p2. But if we consider consumer 2’s budget line at these prices we find
that it passes through the same two points and has, measured from consumer
2’s origin on the top right, the same slope. Hence any price vector defines
a line through the endowment point which divides the feasible allocations
into the budget sets for the two consumers. These budget sets only have the
budget line in common.

As a final piece, we may represent each consumer’s preferences by an
indifference map in the usual fashion, only that consumer 2’s consumption
set is measured from the top right origin (at w in consumer 1’s coordinates.)
Note that both consumer’s indifference curves are not limited to lie within
the box. Feasibility is a problem for the economy, not the consumer. Indeed,
the consumer is assumed to be unaware of the actual amount of the goods
in the economy. Hence each consumer’s budget and indifference maps are
defined in the usual fashion over the respective consumer’s consumption set,
which here is all of ®%, measured from the usual origin for consumer 1 and
measured down and to the left from w for consumer 2! (More bluntly, both
a consumer’s budget line and her indifference curves can “leave the box”.)



Review 29

Figure 2.3 represents an example of such a pure exchange economy.
Here we have assumed that u;(z) = min{z, x2}; w! = (10,5), while uy(z) =
T + 295 w' = (10, 10).
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Figure 2.3: An Edgeworth Box

Aside of the notion of feasibility the other key concept in general equi-
librium analysis is that of Pareto efficiency, or Pareto optimality.

Definition 17 A feasible allocation x is Pareto Efficient if there does not
exist a feasible allocation y such that y >=; x, Vj, and 35 2 y =; x.

A slightly weaker criterion also exists to deal with preferences that are
not strictly monotonic:

Definition 18 A feasible allocation = is weakly Pareto Efficient if there
does not exist a feasible allocation y such that y =; x, V7.

In words, Pareto efficiency (PO) requires that no feasible alternative
exist which leaves all consumers as well off and at least one better off. Weak
Pareto efficiency requires that no feasible allocation exist which makes all
consumers better off.

Note that these definitions can be tricky to apply since an allocation is
defined as efficient if something is not true. Moreover, there are infinitely
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many other feasible allocations for any given one we wish to check. A brute
force approach therefore is not the smart thing to do. Instead we can proceed
as follows: Suppose we wish to check for PO of an allocation, say (w!,w?)
in Figure 2.3. Does there exist a feasible alternative which would make one
consumer better off and not hurt the other? The consumers’ indifference
curves through the allocation w will tell us allocations for each consumer
which are at least as good. Allocations below a consumer’s indifference curve
make her worse off, those above better off. In Figure 2.4 these indifference
curves have been drawn in.
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Figure 2.4: Pareto Optimal Allocatiens

Note that any allocation in the triangular region which contains alloca-
tions above both indifference curves will do as the alternative that makes w
not PO (and indeed not weakly PO either.) Next, note that w was in no
way special: all allocations below the “kink line” of consumer 1 would give
rise to just the same diagram. Hence none of those can be PO either. The
allocations above the kink line are just mirror images, they are not PO either.
That leaves the kink line itself, with allocations such as z = ((11,11), (9,4)).
For such allocations the weakly preferred sets of the two consumers do not
intersect, hence it is not possible to make one better off while not reducing
the utility of the other. Neither is it possible to make both better off. Hence
these allocations are weakly PO and PO.

Finally, we need to consider the boundaries separately. The axes of
consumer 1 are no problem, they give rise to a diagram just like that for w,
in fact. But how about points such as ¢, which lie on the top boundary of the
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box to the right of the intersection with the kink line? For such points both
consumers cannot be made better off, since there exists no feasible allocation
which makes consumer 1 better off. Thus, the allocation ¢ is weakly PO.
However, by moving left we can make consumer 2 better off without reducing
the utility of consumer 1, so ¢ is not PO in the strict sense.

The set of Pareto optimal allocations in Figure 2.4 therefore is the kink
line of consumer 1, that is all allocations
{x € R4t =2l 2l < 15,22 =20 — i, 22 =15 — 2l 2t > 0 Vi, [ = 1,2}.

You can see from the above example that the difference between PO
and weak PO can only arise for preferences which have vertical or horizontal
sections that could coincide with a boundary.

Theorem 5 All Pareto Optimal allocations are weakly Pareto optimal. If all
preferences are strictly monotonic, then all weakly Pareto optimal allocations
are also Pareto optimal.

Finally note that for convex preferences and differentiable utility func-
tions the condition that the weakly preferred sets be disjoint translates into
the familiar requirement that the indifference curves of the consumers must
be tangent, that is, an allocation is Pareto optimal if the consumers’ marginal
rates of substitution equal.

We are now ready to define equilibrium and to see how it relates to the
above diagram.

Definition 19 A Walrasian (competitive) equilibrium for a pure ex-
change economy is a price vector p* and allocation x* such that
(1) (optimality) for each consumer l, () = 2t Vol 5 pral = prut;
. I . l * l
(2) (feasibility) for each good i, (@) =2 w;

This definition is the most basic we can give, and at the same time
includes all others. For example, you may remember from introductory eco-
nomics that a general equilibrium is achieved when “demand equals supply”.
But supply in this case is the sum of endowments. Demand means aggre-
gate demand, that is, the sum of all consumers’ demands. But a consumer’s
demand has been defined as a utility maximizing bundle at a given price —
hence the notion of demand includes the optimality condition above. We
therefore can define equilibrium in the following way:
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Definition 20 A Walrasian (competitive) equilibrium for a pure ex-
change economy is a price vector p* and allocation x* such that x* = x(p*),
> rt(p*) = > W, for each good i, and for each consumer I, x'(p) =
argmax,{u;(z) s.t. p- 2! =p- '}

For an Edgeworth box we can also define equilibrium in yet a third
way — as the intersection of consumers’ offer curves. An offer curve is the
analogue of a demand curve, only drawn in commodity space, not commodity-
price space.

Definition 21 The offer curve is the locus of all optimal consumption
bundles (in X ) as price changes:

{reX|FIpoVywithp-y=p-w,x>=;y, and p-z =p-w} or alternatively
{z € X|3p 2 z = argmax{u;j(z) st. p-z=p-w'} }.

Note how the notion of an offer curve incorporates optimality, so that
the intersection of consumers’ offer curves, lying on both offer curves, is
optimal for both consumers. Since offer curves cannot intersect outside the
Edgeworth box, feasibility is also guaranteed.!?

We thus have different ways of finding an equilibrium allocation in a pure
exchange economy, and depending on the setting one may be more convenient
than another. For example, should both consumers have differentiable utility
functions we can normally most easily find demands, and then set demand
equal to supply. This is simplified by Walras’ Law. Let z(p) denote the
aggregate excess demand vector: z(p) = >_.(2'(p) — w'). Then we have.

Definition 22 Walras’ Law: p-z(p) =0 Vp € R7.

Why is this so? It follows from Walras’ Law for each consumer, requiring
that each consumer [’s demands exhaust the budget, so that the total value
of excess demand for a consumer is zero, for all prices, by definition. Hence,
summing across all consumers the aggregate value of excess demand must also
be zero. In an equilibrium aggregate demand is equal to aggregate supply,!*
that is, summing across consumers the excess demand must equal zero for
each good, and hence the value must be zero. Hence, if n — 1 markets clear

10This argument assumes as given that offer curves cannot intersect outside the feasible
set. Why? You should be able to argue/prove this!
1Yet another definition of a Walrasian equilibrium is z(p) = 0!
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the value of the excess demand of the n'® market must be zero, and this can
only be the case if either the price of the good is zero or the actual aggregate
excess demand itself. Thus it suffices to work with n — 1 markets. The other
market will “take care of itself.”

In practice we are also free to choose one of the prices, since we have
already shown that (Walrasian) demand is homogeneous of degree zero in
prices for each consumer (remember that m! = p-w' here), and thus aggregate
demand must also be homogeneous of degree zero.

So, suppose the economy consists of two Cobb-Douglas consumers with
parameters o and 3 and endowments ((wi,w?), (w},w3)). Demands are

(ap'wl (1—Oé)p‘w1>’ - (6p'w2 (1—ﬁ)p~w2>'

Y ?

h P2 D1 P2

Hence the equilibrium price ratio p;/ps is

= aws + Bwj
(1= a)wi + (1= Bwi’

The allocation then is obtained by substituting the price vector back into the
consumer’s demands and simplifying.

On the other hand, if we have non-differentiable preferences it is most
often more convenient to use the offer curve approach. For example, a con-
sumer with Leontief preferences will consume on the kink line no matter
what the price ratio. If such a consumer where paired with a consumer with
perfect substitute preferences, such as in Figure 2.3, we know the price ratio
by inspection to be equal to the perfect substitute consumer’s MRS (in Fig-
ure 2.3 that is 1.) Why? Since a prefect substitute consumer will normally
consume only one of the goods, and only consumes both if the MRS equals
the price ratio. The allocation then can be derived as the intersection of
consumer 1’s kink line with the indifference curve through the endowment
point for consumer 2: in Figure 2.3 the equilibrium allocation thus would be
(', 2?) = ((7.5,7.5),(12.5,7.5)).

2.3.2 A simple production economy

The second simple case of interest is a production economy with one con-
sumer, one firm and 2 goods, leisure and a consumption good. This case is
also often used to demonstrate the second welfare theorem in its most simple
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setting. Recall that the second welfare theorem states that a Pareto efficient
allocation can be “decentralized”, that is, can be achieved as a competitive
equilibrium provided that endowments are appropriately redistributed.

Let us therefore approach this problem as is often done in macro eco-
nomics. Consider the social planner’s problem, which in this case is equiv-
alent to the problem of the consumer who owns the production technology
directly. The consumer has preferences over the two goods, leisure and con-
sumption, denoted by [ and c respectively, represented by the utility function
u(c,l). Tt has the usual properties (that is, it has positive first partials and
is quasi-concave.) The consumer has an endowment of leisure, L. Time not
consumed as leisure is work, * = L — [, and the consumption good ¢ can
be produced according to a production function ¢ = f(x). Assume that
it exhibits non-increasing returns to scale (so f'(-) > 0; f”(-) < 0.) The
consumer’s problem then is

max.{u(c,l) st.c=f(L—1)}
or, substituting out for ¢
maxyu(f(L —1),1).

The FOC for this problem is —u.(-)f'(-) + w(-) = 0, or more usefully,
() = w(-)/uc(-). This tells us that the consumer will equate the marginal
product of spending more time at work with the Marginal Rate of Substi-
tution between leisure time and consumption — which measures the cost of
leisure time to him.

Now consider a competitive private owner-ship economy in which the
consumer sells work time to a firm and buys the output of the firm. The
consumers owns all shares of the firm, so that firm profits are part of consumer
income. Suppose the market price for work, x, is denoted by w (for wage),
and the price of the output c is denoted by p.

The firm’s problem is max,pf(x)—wzx with first order condition pf'(z*) =
w. The consumer’s problem is max.;{u(c,) s.t. 7(p,w) + pc = w(L — 1) }.
Here 7(p, w) denotes firm profits. The FOCs for this lead to the condition
w(+)/uc(-) = w/p. Hence the same allocation is characterized as in the plan-
ner’s problem, as promised by the second welfare theorem. (Review Problem

12 provides a numerical example of the above.)

Note that in this economy there is a unique Pareto optimal point if
f"(-) < 0. Since a competitive equilibrium must be PO, it suffices to find
the PO allocation and you have also found the equilibrium! This “trick” is
often exploited in macro growth models, for example.
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2.4 Review Problems

It is useful exercise to derive both kinds of demand for the various functions
you might commonly encounter. The usual functions are

Cobb-Douglas: u(z1,12) = 2925, a € (0,1);

Quasi-Linear: u(zy,x2) = f(x1) + 22, f/ >0, f" <0;

Perfect Substitute: u(zy,x2) = axy + x2, a > 0;

Leontief: u(x,xs) = min{axy,z2}, a > 0;

“Kinked”: u(x,z5) = min{ax; + 2,1 + bxs}, a,b > 0.

The first thing to do is to determine how the indifference curves for each of
these look like. I strongly recommend that you do this. Familiarity with the

standard utility functions is assumed in class and in exams.

Budgets are normally easy and are often straight lines. However, they
can have kinks. For example, consider the budget for the following problem:
A consumer has an endowment bundle of (10, 10) and if he wants to increase
his x5 consumption he can trade 2 x; for 1 x5, while to increase x; consump-
tion he can trade 2 x5 for 1 z;. Such budgets will arise especially in inter
temporal problems, where consumers’ borrowing and lending rates may not
be the same.

You can now combine any kind of budget with any of the above utility
functions and solve for the income expansion paths (diagrammatically), and
the demands, both ordinary and Hicksian.

You may also want to refresh your knowledge on (price-)offer curves.
This is the locus of demands in (xy,z3) space which is traced out as one
price, say pi, is varied while py and m stay constant.

Question 1: Let X = {z,y,z,w} and let (B,C(-)) be a choice structure
with B = {{z,y, 2}, {z, z,w}, {w, 2,9}, {z}, {y, w}, {z 2}, {z, w}}.

a) Provide a C(-) which satisfies the weak axiom.

b) Does there exist a preference relation on X which rationalizes your
C(-) on B?

c) Is that preference relation rational?

d) Given this B and some choice rule which satisfies the weak axiom, are
we guaranteed that the choices could be derived from a rational preference
relation?

e) Since you probably ‘cheated’ in part a) by thinking of rational pref-
erences first and then getting the choice rule from that: write down a choice
rule C'(+) for the above B which does satisfy the weak axiom but can NOT
be rationalized by a preference relation.
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Question 2: Consider a consumer endowed with 16 hours of leisure time and
$100 of initial wealth. There are only two goods, leisure and wealth /aggregate
consumption, so a consumption bundle can be denoted by (I, ¢). Extend the
definition of the budget set to be the set of all feasible (I, ¢) vectors, i.e.,
B = {(l,¢) | 0 <1 < 16,c feasible}, where feasibility of consumption c
will be determined by total income, consisting of endowed income and work
income. In particular note that the boundary of the budget set, B, is the set
of maximal feasible consumption for any given leisure level. Now, in view of
this, what is the budget set and its boundary in the following cases (you may
want to provide a well labelled diagram, and/or a definition of B instead of
a set definition for B.) Is the budget set convex?

a) There are two jobs available, each of which can be worked at for no
more than 8 hours. An additional restriction is that you have to work at one
job full time (8 hours) before you can start the other job. Job 1 pays $12 per
hour for the first 6 hours and $16 per hour for the next 2 hours. Job 2 pays
$8 per hour for the first two hours and $14 per hour for the next 6 hours.

b) The same situation as in [a] above, but job 2 now pays $14 2/3 per
hour for the next 6 hours (after the first 2).

c¢) Suppose we drop the restriction that you have to work one job full
time before you can work the other. (So you could work one job for 5 hours
and the other for 3, for example, which was not possible previously.) Why
does it (does it not) matter?

d) What if instead there are four jobs, with job (i) paying $12 per hour
for up to 6 hours, job (ii) paying $16 per hour for up to 2 hours, (iii) paying
$8 per hour for up to 2 hours and (iv) paying $14 per hour for up to 6 hours?
You may work any combination of jobs, each up to its maximum number of
hours.

Question 3: A consumer’s preferences over 2 goods can be represented
by the utility function u(z) = 293295. Solve for the consumer’s demand
function. If the consumer’s endowment is w = (412, 72) and the price vector

is p = (3,1), what is the quantity demanded?
Question 4: A consumer’s preferences are represented by the utility function
U(xy, ) = min{xy + 5x9, 221 + 229, Hx1 + 2}

Solve both the utility maximization and the expenditure minimization prob-
lem for this consumer. (Note the the Walrasian and Hicksian demands are
not functions in this case.) Also draw the price offer curve for p; variable,
m and po fixed. [Note: Solving the problems does not require differential
calculus techniques.]
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Question 5: The elasticity of substitution is defined as

- _O[xi(p,w)/22(p, w)] p1/p2
’ 9 [p1/p2] z1(p, w) /T2(p, w)

What does this elasticity measure? Why might it be of interest?

Question 6: The utility function u(z,, v9) = (2§ +25)1/?), where p < 1 and
p # 0, is called the Constant Elasticity of Substitution utility function. The
shape of its indifference curves depends on the parameter p. Demonstrate
that the function looks like a Leontief function min{xy,z2} as p — —oo; like
a Cobb-Douglas function x129 as p — 0; like a perfect substitute function
r1+x0 a8 p— 1.

Question 7: A consumer’s preferences over 3 goods can be represented by
the utility function u(z) = x1 + Inzy + 2Ilnzs. Derive Marshallian (ordinary)
demand.

Question 8: Consider a 2 good, 2 consumer economy. Consumer A has
preferences represented by u(z) = 421 + 3x9. Consumer B has preferences
represented by up(x) = 3lnz; + 4lnz,. Suppose consumer A’s endowment is
wa = (12,9) while consumer B’s endowment is wp = (8,11). What is the
competitive equilibrium of this economy?

Question 9: Consider a 2 good, 2 consumer economy. Consumer A has
preferences represented by w4 (z) = min{4x; + 3z, 31 + 4x5}. Consumer B
has preferences represented by upg(z) = 3z1 + 4lnzy. Suppose consumer A’s
endowment is wa = (12,9) while consumer B’s endowment is wg = (8,11).
What is the competitive equilibrium of this economy?

Question 10*: Suppose (B,C(-)) satisfies the weak axiom. Consider the
following two strict preference relations: > defined by x>~y <= dB € B >
r,y € B,x € C(B),y ¢ C(B); and >* defined by 2"y <= 3IB € B >
r,y€ B,x € C(B) and AB' € B 5 z,y € B', y € C(B’). Prove that these
two strict preference relations give the same relation on X. Is this still true
if the weak axiom is not satisfied by C(-)? (Counter-example suffices.)

Question 11*: Consider a 2 good, 2 consumer economy. Consumer A has
preferences represented by u(x) = axy + xo. Consumer B has preferences
represented by ug(z) = flnz; + Inxs.

a) Suppose consumer A’s endowment is ws = (10,10) while consumer
B’s endowment is wg = (10, 10). What is the competitive equilibrium of this
economy”?

b) Suppose o = 2,3 = 1 and fix the total size of the economy at 20
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units of each good as above. As you have seen above, there are two kinds
of equilibria, interior, and boundary. For which endowments will interior
equilibria obtain, for which ones boundary equilibria?

Question 12*: Consider a private-ownership production economy with one
consumption good, one firm and one consumer. Suppose technology is given
by ¢ = f(z) = 4y/x. Let consumer preferences be represented by u(c,l) =
Inc + %lnl and let the consumer have a leisure endowment of L = 16. a)
Solve the social planner’s problem. b) Solve for the competitive equi-
librium of the private ownership economy.



Chapter 3

Inter-temporal Economics

In this chapter we will re-label the basic model in order to focus the analysis
on the question of inter-temporal choice. This will reveal information about
borrowing and savings behaviour and the relationship between interest rates
and the time-preferences of consumers. In particular, we will see that inter-
est rates are just another way to express a price ratio between time dated
commodities.

3.1 The consumer’s problem

In what follows, we will consider the simple case of just two commodities,
consumption today — denoted ¢; — and consumption tomorrow — c,. These
take the place of the two commodities, say apples and oranges, in the stan-
dard model of the previous chapter. Since it is somewhat meaningless to
speak of income in a two period model, indeed, part of our job here is to
find out how to deal with and evaluate income streams, we will employ an
endowment model. The consumer is assumed to have an endowment of the
consumption good in each period, which we will denote by m; and ms, re-
spectively. The consumer is assumed to have preferences over consumption
in both periods, represented by the utility function u(eq, o).

39
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3.1.1 Deriving the budget set

Our first job will be to determine how the consumer’s budget may be ex-
pressed in this setting. That, of course, will depend on the technology for
storing the good and on what markets exist. Note first of all that it is never
possible to consume something before you have it: the consumer will not be
able to consume in period 1 any of the endowment in period 2. In contrast,
it may be possible to store the good, so that quantities of the period 1 en-
dowment not consumed in period 1 are available for consumption in period
2. Of course, such storage may be subject to losses (depreciation). Ideally,
the consumer has some investment technology (such as planting seeds) which
allows the consumer to “invest” (denoting that the good is used up, but not
in utility generating consumption) period 1 units in order to create period
2 units. Finally, the consumer may be able to access markets, which allow
lending and borrowing. We consider these in turn.

No Storage, No Investment, No Markets

If there is no storage and no investment, then anything not consumed today
will be lost forever and consumption cannot be postponed to tomorrow. You
may want to think of this as 100% depreciation of any stored quantity. No
markets means that there is also no way to trade with somebody else in order
to either move consumption forward or backward in time. The consumer
finds himself therefore in the economically trivial case where he is forced to
consume precisely the endowment bundle. The budget set then is just that
one point: B = {c € ®3 |¢; = m;,i = 1,2}.

Storage, No Investment, No Markets

This is a slightly more interesting case where consumption can be postponed.
Since there are no markets, no borrowing against future endowments is pos-
sible. Storage is usually not perfect. Let § € (0,1) denote the rate of depre-
ciation — for example, our consumption good may spoil, so that the outside
layers of the meat will not be edible in the next period, or pests may eat
some of the stuff while it is in storage (a serious problem in many countries.)
A typical budget set then is

B={(c1,ca) |ca <ma+ (1 =9)(m1 —c1),0 < ¢y <my}.
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The quantity (m; — ¢;) in this expression is the amount of period 1 endow-
ment not consumed in period 1, usually called savings, and denoted S. We
can therefore express the consumer’s utility maximization problem in three
equivalent ways:

maxe, c,ept(c)
maxclgmlu(cl,mg + (1 — 5)(7711 — C1)>
maxsgmlu(ml — S, mo + (1 — (S)S)

In the second case only the level of consumption in period 1, ¢, is a choice
variable. It implies the consumption in period 2. The third line simply rela-
bels that same maximization and has savings in period 1 — whatever is not
consumed — as the choice variable. All of these will give the same answer, of
course! The left diagram in Figure 3.1 gives the diagrammatic representation
of this optimization problem (with two different (!) preferences indicated by
representative indifference curves.)

One thing to be careful about is the requirement that 0 < ¢; < mjy.
We could employ Kuhn-Tucker conditions to deal with this constraint, but
usually it suffices to check after the fact. For example, a consumer with CD
preferences u(cy, c2) = cic faced with a price ratio of unity would like to
consume where ¢; = ¢y (You ought to verify this!) However, if the endow-
ment happens to be (my,ms) = (5,25) then this is clearly impossible. We
therefore conclude that there is a corner solution and consumption occurs at
the endowment point m.

Storage, Investment, No Markets

How is the above case changed if investment is possible? Here I am thinking
of physical investment, such as planting, not “market investment”, as in
lending. Suppose then that the consumer has the same storage possibility as
previously, but also has access to an investment technology. We will model
this technology just as if it were a firm, and specify a function that gives
the returns for any investment level: y = f(z). This function must either
have constant returns to scale or decreasing returns to scale for things to
work easily (and for the second order conditions of the utility maximization
problem to hold.) Suppose the technology exhibits CRS. In that case the
marginal return of investment, f’(z), is constant. It either is larger or smaller
than the return of storage, which is 1 — 4. Since the consumer will want to
maximize the budget set, he will choose whichever has the higher return, so
if f'(x) > (1 —0) the consumer will invest, and he will store otherwise. The
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budget then is

B {(c1,¢2) | c2 <mo+ f(mi—c1),0<¢c; <my} if (1 —-4) < f'()
{(c1,¢2) | ca <mg+ (1=0)(m1—c1),0<c; <my} otherwise

What if the investment technology exhibits decreasing returns to scale?
Suppose the most interesting case, where f'(z) > (1 — ) for low z, but the
opposite is true for high x. Suppose further that not only the marginal return
falls, but that the case is one where f(m;) < (1 — §)my, so that the total
return will be below that of storage if all first period endowment is invested.
What will be the budget set? Clearly (?) any initial amounts not consumed
in period 1 should be invested, not stored. But when should the consumer
stop investing? The maximal investment 7 is defined by f'(Z) = (1—40). Any
additional unit of foregone period 1 consumption should be stored, since the
marginal return of storage now exceeds that of further investment. The
budget then is

{(c1,¢2) | ca <mo+ f(m1 —c1),m1 —Z < g <my}
B = {(Cl,CQ> | Cy S mo +f<f) + (1 —6)(777,1 —T—cl),O S C1 S mi —T}
where 7 is defined by (1 —4) = f/'(7)

Storage, No Investment, Full Markets

We now allow the consumer to store consumption between periods 1 and
2, with some depreciation, and to trade consumption on markets. Instead
of the usual prices, which are an expression of the exchange ratio of, say
good 2 for good 1, we normally express things in terms of interest rates
when we deal with time. Of course, one can always convert between the two
without much trouble if some care is taken. The key idea is that a loan of P
dollars today will pay back the principal P plus some interest income. At an
interest rate r, this is an additional r P dollars. Thus, 1 dollar today “buys”
(1 4+ r) dollars tomorrow. Put differently, the price of 1 of today’s dollars
is (1 + r) of tomorrow’s. Similarly, for a payment of F' dollars tomorrow,
how many dollars would somebody be willing to pay? F/(1+ r), of course,
since F/(147r)+7rF/(1+r) = F. We therefore have an equivalence between
P dollars today and F' dollars tomorrow, provided that P(1 4+ r) = F, or
P = F/(1+r). By convention the value P is called the present value of
F, while F' is the future value of P.

Given these conventions, let us now derive the budget set of a consumer
who may borrow and lend, but has no (physical) investment technology.
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Storage is not an option in order to move consumption from period 2 to period
1. The consumer may, however, forgo some future consumption for current
consumption by purchasing the appropriate borrowing contract. Based on
what we have said above, if he is willing to pay, in period 2, an amount of
(mg—cg) > 0, then in period 1 he can receive at most (my—c2)/(1+7) units.
Thus one constraint in the budget is m; < ¢; < my+(ma—c2)/(1+7r). On the
other hand, consumption can be postponed in two ways: storage and lending.
If the consumer stores the good his constraint on period 2 consumption is
as derived previously, co < mg + §(mq — ¢1). If he uses the market instead,
his constraint becomes ¢y < mg + (my — ¢1)(1 + 7). As long as § and r
are both strictly positive the second of these is a strictly larger set than
the first. Since consumption is a good (more is better) the consumer will
not use storage, and the effective constraint on future consumption will be
ca < msg+ (m1 —¢p)(1+r). This is indicated in the right diagram in Figure
3.1, where there are two “budget lines” for increasing future consumption.
The lower of the two is the one corresponding to storage, the higher the one
corresponding to a positive interest rate on loans.

Manipulation of the two constraints shows that they are really identical.

Indeed, the consumer’s budget can be expressed as any of
B = )l ea <mg+ (1+7)(my — 1), e1,¢0 > 0},

(m2 — c)
~— >0
) = 1 +r , C1,C =2 }7
) | (TTLQ —Cz)+(1+7’)<m1 —Cl) Z 0, C1,Co Z 0},
) (ms — c2)

>0 >0}.
]_—I—T =2 VU, C1,C =2 }

The first and third of these are expressed in future values, the second
and fourth in present values. It does not matter which you choose as long
as you adopt one perspective and stick to it! (If you recall, we are free to
pick a numeraire commodity. Here this means we can choose a period and
denominate everything in future- or present-value equivalents for this period.
This, by the way, is the one key “trick” in doing inter-temporal economics:
pick one time period as your “base”, convert everything into this time period,
and then stick to it! Finally note that we are interested in the budget line,
generally. Replacing inequalities with equalities in the above you note that
all are just different ways of writing the equation of a straight line through
the endowment point (my, ms) with a slope of (1 4 r).
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Figure 3.1: Storage without and with markets, no (physical) investment
Storage, Investment, Full Markets

What if everything is possible? As above, storage will normally not figure
into the problem, so we will ignore it for a moment. How do (physical)
investment and market investment interact in determining the budget? As
in the case of storage and investment, the first thing to realize is that the
(physical) investment technology will be used to the point where its marginal
(gross rate of) return f’(-) is equal to that of putting the marginal dollar
into the financial market. That is, the optimal investment is determined by
f' () = (1 4+ ). The second key point is that with perfect capital markets
it is possible to borrow money to invest. The budget thus is bounded by a
straight line through the point (m; — Z, mq + f(Z)) with slope (1 + 7).

3.1.2 Utility maximization

After the budget has been derived the consumer’s problem is solved in the
usual fashion, and all previous equations which characterize equilibrium ap-
ply. Suppose the case of markets in which an interest rate of r is charged.

Then it is necessary that
u(c)  (1+7r)

us(c) 1

What is the interpretation of this equation? Well, on the right hand side we
have the slope of the budget line, which would usually be the price ratio p; /ps.
That is, the RHS gives the cost of future consumption in terms of current
consumption (recall that in terms of units of goods we have (1/p2)/(1/p1).)
On the left hand side we have the ratio of marginal utilities, that is, the
MRS. It tells us the consumer’s willingness to trade off current consumption
for future consumption. This will naturally depend on the consumer’s time
preferences.
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Let us take a concrete example. In macro-economics we often use a so-
called time-separable utility function like u(cq, o) = Inc;+flney; G < 1.
This specification says that consumption is ranked equally within each period
(the same sub-utility function applies within each period) but that future
utility is not as valuable as today’s and hence is discounted. One of the
key features of such a separable specification is that the marginal utilities of
today’s consumption and tomorrow’s are independent. That is, if I consider
Ou(cy, c3)/0c;, 1 find that it is only a function of ¢; and not of ¢;. This
feature makes life much easier if the goal is to solve some particular model or
make some predictions. Note that the discount factor ( is related to the
consumer’s discount rate p: § = 1/(1 + p). For this specific function, the
equation characterizing the consumer’s optimum then becomes

Co Co 1+r

Ca
Ger (L+7) - B +r) P

Some interesting observations follow from this. First of all, if the private
discount rate is identical to the market interest rate, p = r, the consumer
would prefer to engage in perfect consumption smoothing. The ideal
consumption path has the consumer consume the same quantity each period.
If the consumer is more impatient than the market, so that p > r, then
the consumer will favour current consumption, while a patient consumer for
whom p < r will postpone consumption. This is actually true in general with
additively separable functions, since u'(¢;) = u/(¢o) iff ¢1 = ¢s.

In order to achieve the preferred consumption path the consumer will
have to engage in the market. He will either be a lender (¢; < my) or a
borrower (¢; > m;.) This, of course, depends on the desired consumption
mix compared to the consumption mix in the consumer’s endowment.

Finally, we can do the usual comparative statics. How will a change
in relative prices affect the consumer’s wellbeing and consumption choices?
The usual facts from revealed preference theory apply: If the interest rate in-
creases (i.e., current consumption becomes more expensive relative to future
consumption) then

A lender will remain a lender.

A borrower will borrow less (assuming normal goods) and may switch
to being a lender.

A lender will become better off.

A borrower who remains a borrower will become worse off.
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e A borrower who switches to become a lender may be worse or better
off.

These can be easily verified by drawing the appropriate diagram and observ-
ing the restrictions implied by the weak axiom of revealed preference.

We can also see some of these implications by considering the Slutsky
equation for this case. In this case the demand function for period 1 con-
sumption is ¢ (p1, pa, M), where M = pymq + pamas. It follows from the chain
rule that

dCl(') _ 801(') i 801(') oM
dp: Ip1 oM Op,’
but OM/0p; = my. The Slutsky equation tells us that

ey () _ Ohy(+) — ()
op op1 ! oM

and hence we obtain

dCl(') _ 8h1()
dp1 Opy

~ (en() =) oA

This equation is easily remembered since it is really just the Slutsky equation
as usual, where the weighting of the income effect is by market purchases
only. In the standard model without endowment, all good 1 consumption
is purchased, and hence subject to the income effect. With an endowment,
only the amount traded on markets is subject to the income effect.

Now to the analysis of this equation. We know that the substitution
effect is negative. We also know that for a normal good the income effect
is positive. The sign of the whole expression therefore depends on the term
in brackets, in other words on the lender/borrower position of the consumer.
A borrower has a positive bracketed term. Thus the whole expression is
certainly negative and a borrower will consume less if the price of current
consumption goes up. A lender will have a negative bracketed term, which
cancels the negative sign in the expression, and we know that the total effect
is less negative than the substitution effect. In fact, the (positive) income
effect could be larger than the (negative) substitution effect and current
consumption could go up!
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3.2 Real Interest Rates

So far we have used the usual economic notion of prices as exchange rates
of goods. In reality, prices are not denoted in terms of some numeraire
commodity, but in terms of money (which is not a good.) This may lead to
the phenomenon that there is a price ratio of goods to money, and that this
may change over time, an effect called inflation if money prices of goods go
up (and deflation otherwise.) We can modify our model for this case by fixing
the price of the numeraire at only one point in time. We then can account for
inflation /deflation. Doing so will require a differentiation between nominal
and real interest rates, however, because you get paid back the principal and
interest on an investment in units of money which has a different value (in
terms of real goods) compared to the one you started out with. So, let p; =1
be the (money) price of the consumption good in period 1 and let ps be the
(money) price of the consumption good in period 2. Let the nominal interest
rate be r, which means that you will get interest of r units of money per
unit. The budget constraint for the two period problem then becomes:

B pacy = pomo+ (1 +1)(my — c1).

In other words, the total monetary value of second period consumption can at
most be the monetary value of second period endowment plus the monetary
value of foregone first period consumption.

We can now ask two questions: what is the rate of inflation and what
is the real interest rate.

The rate of inflation is the rate 7 such that (1 + m)p; = po, e, ™ =
(p2—p1)/p1- The real interest rate can now be derived by rewriting the above
budget to have the usual look:

1+r ( ) n 1+r
my—cp) =m
s 1—Cl 2t T,
Thus, the real interest rate is 7 = (r — 7)/(1 + 7), and as a rule of thumb
(for small ) it is common to simply use 7 ~ (r — 7). Note however that this
exaggerates the real interest rate.

Co = Mo + (ml—cl):m2+(1+f’)(m1—cl).

3.3 Risk-free Assets

Another application of this methodology is for a first look at assets. It is
easiest if we first look at financial assets only. A financial asset is really just
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a promise to pay (sometimes called a